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Abstract. We present a robust framework for estimating non-rigid 3D
shape and motion in video sequences.Given an input video sequence,and
a user-speci�ed region to reconstruct, the algorithm automatically solves
for the 3D time-varying shape and motion of the object, and estimates
which pixels are outliers, while learning all system parameters, including
a PDF over non-rigid deformations. There are no user-tuned parameters
(other than initialization); all parameters are learned by maximizing the
lik elihood of the entire image stream. We apply our method to both rigid
and non-rigid shape reconstruction, and demonstrate it in challenging
casesof occlusion and variable illumination.

1 In tro duction

Reconstruction from video promisesto producehigh-quality 3D modelsfor many
applications, such as video analysis and computer animation. Recenly, several
\direct" methodsfor shapereconstruction from videosequenceshavebeendemon-
strated [1{3] that can give good 3D reconstructions of non-rigid 3D shape, even
from single-view video. Such methods estimate shape by direct optimization
with respect to raw image data, thus avoiding the di�cult problem of tracking
features in advanceof reconstruction. However, many di�culties remain for de-
veloping general-purposevideo-basedreconstruction algorithms. First, existing
algorithms make the restrictiv e assumption of color constancy, that object fea-
tures appear the samein all views. Almost all sequencesof interest violate this
assumptionat times, such aswith occlusions,lighting changes,motion blur, and
many other common e�ects. Second,non-rigid shape reconstruction requires a
number of regularization parameters (or, equivalently , prior distributions), due
to fundamental ambiguities in non-rigid reconstruction [4,5], and to handlenoise
and prevent over-�tting. Such weights must either be tuned by hand (which is
di�cult and inaccurate, especially for modelswith many parameters)or learned
from annotated training data (which is often unavailable, or inappropriate to
the target data).

In this paper, we describe an algorithm for robust non-rigid shape recon-
struction from uncalibrated video. Our generalapproach is to poseshape recon-
struction as a maximum likelihood estimation problem, to be optimized with
respect to the entire input video sequence.We solve for 3D time-varying shape,
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correspondence,and outlier pixels, while simultaneously solving for all weight-
ing/PDF parameters.By doing so, we exploit the generalproperty of Bayesian
learning that all parametersmay be estimated by maximizing the posterior dis-
tribution for a suitable model. No prior training data or parameter tuning is
required. This generalmethodology | of simultaneously solving for shape while
learning all weights/PDF parameters | has not been applied to 3D shape re-
construction from video, and has only rarely beenexploited in computer vision
in general (one example is [6]).

This paper begins with a general framework for robust shape reconstruc-
tion from video. This model is basedon robust statistics: all violations of color
constancy are modeled as outliers. Unlike robust tracking algorithms, we solve
for shape globally over an entire sequence,allowing us to handle caseswhere
many features are completely occluded in someframes. (A disadvantage of our
approach is that it cannot currently be applied to one-frame-at-a-timetracking).
Wedemonstratesequencesfor which previousglobal reconstruction methods fail.
For example, previous direct methods require that all feature points be visible
in all video frames, i.e. all features are visible in a single \reference frame;" our
method relaxesthis assumption and allows sequencesfor which no single \refer-
enceframe" exists. We also show exampleswhereexisting techniquesfail due to
local changesin lighting and shape. Our method is basedon the EM algorithm
for robust outlier detection. Additionally , we show how to simultaneously solve
for the outlier probabilities for the target sequence.

We demonstrate the reconstruction framework in the caseof rigid motion
under weak perspective projection, and non-rigid shape under orthographic pro-
jection. In the latter case, we do not assumethat the non-rigid geometry is
known in advance. Separating non-rigid deformation from rigid motion is am-
biguouswithout someassumptionsabout deformation [4,5]. Rather than specify
the parameters of a shape prior in advance,our algorithm learns a shape PDF
simultaneously with estimating correspondence,3D shape reconstruction, and
outliers.

1.1 Relation to Previous W ork

We build on recent techniques for exploiting rank constraints on optical 
o w in
uncalibrated single-viewvideo. Conventional optical 
o w algorithms useonly lo-
cal information; namely, every track in every frame is estimated separately[7,8].
In contrast, so-called\direct methods" optimize directly with respect to the raw
image sequence[9]. Irani [1] treated optical 
o w in rigid 3D scenesas a global
problem, combining information from the entire sequence| along with rank
constraints on motion | to yield better tracking. Bregler et al. [10] describe an
algorithm for solving for non-rigid 3D shape from known point tracks. Extending
these ideas, Torresani et al. [2,11] and Brand [3] describe tracking and recon-
struction algorithms that solve for 3D shape and motion from sequences,even
for non-rigid scenes.Note that adding robustnessto the above methods is non-
trivial, sincethis would require de�ning a uni�ed objective function for tracking
and reconstruction that is not present in the previous work. Furthermore, one
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must intro duce a large number of hand-tuned weighting and regularization con-
straints, especially for non-rigid motion, for which reconstruction is ill-p osed
without someform of regularization [4,5]. In our paper, we show how to cast
the problem of estimating 3D shape and motion from video sequencesas op-
timization of a well-de�ned likelihood function. This framework allows several
extensions:our method automatically detectsoutliers, and all regularization pa-
rameters are automatically learned via Bayesian learning. Our non-rigid model
incorporates our previous work on non-rigid structure-from-motion [5], in which
reliable tracking data was assumedto be available in advance.

A common approach to acquiring rigid shape from video is to separatefea-
ture selection,outlier rejection, and shape reconstruction into a seriesof stages,
each of which has a separateoptimization process(e.g. [12]). Dellaert et al. [13]
solve for rigid shape while detecting outliers, assumingthat good features can
be located in advance.The above methods assumethat good featurescan be de-
tected in each frame by a feature detector, and that noise/outlier parametersare
known in advance.In contrast to thesemethods, we optimize the reconstruction
directly with respect to the video sequence.

Robust algorithms for tracking have been widely explored in local tracking
(e.g. [14{16]). Unlike local robust methods, our method can handle featuresthat
are completely occluded,by making useof global constraints on motion. Similar
to Jepsonet al. [16], we also learn the parametersat the sametime as tracking,
rather than assumingthat they are known a priori . Our outlier model is closely
related to layer-basedmotion segmentation algorithms [6,17,18], which are also
often applied globally to a sequence.We usethe outlier model to handle general
violations of color constancy, rather than to speci�cally model multiple layers.

2 Robust Shape Reconstruction Framew ork

We now describe our general framework for robust shape reconstruction from
uncalibrated video. We then specialize this framework to rigid 3D motion in
Section 3, and to non-rigid motion in Section 4.

2.1 Motion mo del

We assumethat 3D shape can be described in terms of the 3D coordinates
sj ;t = [X j ;t ; Yj ;t ; Z j ;t ]T of J scenepoints, over T time steps. The parameter
j indexes over points in the model, and t over time. We collect these points
in a matrix St = [s1;t ; :::; sJ;t ]. We parameterize 3D shape with a function as
St = � (zt ;  ), where zt is a hidden random variable describing the shape at
each time t, with a prior p(zt );  are shape model parameters. The details of
thesefunctions dependon the application. For example,in the caseof rigid shape
(Section 3), we use� (zt ;  ) = �S, i.e. the shape stays �xed at a constant value �S,
and  = f �Sg. For non-rigid shape (Section 4), � (zt ;  ) is a linear combination
of basisshapes,determined by the time-varying weights zt ;  contains the shape
basis.
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Additionally , we de�ne a cameramodel � . At a given time t, point j projects
to a 2D position p j ;t = [x j ;t ; yj ;t ]T = � (sj ;t ; � t ), where � t are the time-varying
parametersof the cameramodel. For example, � t might de�ne the position and
orientation of the camerawith respect to the object.

In caseswhen the object is undergoing rigid motion, we subsumeit in the
rigid motion of the camera.This applies in both the caseof rigid shape and non-
rigid shape. In the non-rigid case,we can generally think of the object's motion
as consisting of a rigid component plus a non-rigid deformation. For example,a
person'sheadcanmove rigidly (e.g. turning left or right) while deforming (due to
changingfacial expressions).Onemight wish to separaterigid object motion from
rigid cameramotion in other applications, such asunder perspective projection.

2.2 Image mo del

We now intro duce a generative model for video sequences,given the motion
of the 2D point tracks p j ;t . Individual images in a video sequenceare created
from the 2D points. Ideally, the window of pixels around each point p j ;t should
remain constant over time; however, this window may be corrupted by noiseand
outliers. Let w be an index over a pixel window, so that I w (p j ;t ) is the intensity
of a pixel in the window1 of point j in frame t. This pixel intensity should ideally
be a constant �I w;j ; however, it will be corrupted by Gaussiannoisewith variance
� 2. Moreover, it may be replacedby an outlier, with probabilit y 1� � . We de�ne
a hidden variable Ww;j ;t so that Ww;j ;t = 0 if the pixel is replacedby an outlier,
and Ww;j ;t = 1 if it is valid. The complete PDF over individual pixels in a
window is given by:

p(Ww;j ;t = 1) = � (1)

p(I w (p j ;t )jWw;j ;t = 1; p j ;t ; �I w;j ; � 2) = N (I w (p j ;t )j �I w;j ; � 2) (2)

p(I w (p j ;t )jWw;j ;t = 0; p j ;t ; �I w;j ; � 2) = c (3)

where N (I w (p j ;t )j �I w;j ; � 2) denotesa 1D Gaussiandistribution with mean �I w;j

and variance � 2, and c is a constant corresponding to the uniform distribution
over the range of valid pixel intensities. The values �I w;j are determined by the
corresponding pixel in the referenceframe.

For convenience,we do not model the appearanceof video pixels that do not
appear near 2D points, or correlations betweenpixels when windows overlap.

2.3 Problem statemen t

Given a video sequenceI and 2D point positions speci�ed in some reference
frames,we would like to estimate the positions of the points in all other frames,
and, additionally, learn the 3D shape and associated parameters.

1 In other words, I w (p j ;t ) = I ( t ) (p j ;t + dw ) where I ( t ) is the image at time t, and dw

represents the o�set of point w inside the window.
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We proposeto solve this estimation problem by maximizing the likelihood of
the imagesequencegiven the model. We encapsulatethe parametersfor the im-
age,shape,and cameramodel into the parametervector � = f �I ; � 2; � ;  ; � 1; :::; � T g.
The likelihood itself marginalizesover the hidden variables Ww;j ;t and zt . Con-
sequently , our goal is to solve for � to maximize

p(I j� ) =
Y

w;j ;t

p(I w (p j ;t )j� ) =
Y

w;j ;t

Z

z t

X

W w ;j ;t 2f 0;1g

p(I ; zt ; Ww;j ;t j� )dzt (4)

(We have replacedI w (p j ;t ) with I for brevity). In other words, we wish to solve
for the camera motion, shape PDF, and outlier distribution from the video se-
quenceI , averaging over the unknown shapesand outliers.

2.4 Variational bound

In order to optimize Equation 4, we usean approach basedon variational learn-
ing [19]. Speci�cally , we intro duce a distribution Q(Ww;j ;t ; zt ) to approximate
the distribution over the hidden parametersat time t, and then apply Jensen's
inequality to derive an upper bound on the negative log likelihood:2

� ln p(I j� ) = � ln
Y

w;j ;t

Z

z t

X

W w ;j ;t 2f 0;1g

p(I ; zt ; Ww;j ;t j� )dzt (5)

= �
X

w;j ;t

ln
Z

z t

X

W w ;j ;t 2f 0;1g

p(I ; zt ; Ww;j ;t j� )
Q(Ww;j ;t ; zt )
Q(Ww;j ;t ; zt )

dzt (6)

� �
X

w;j ;t

Z

z t

X

W w ;j ;t 2f 0;1g

Q(Ww;j ;t ; zt ) ln
p(I ; zt ; Ww;j ;t j� )

Q(Ww;j ;t ; zt )
dzt (7)

We can minimize the negative log likelihood by minimizing Equation 7 with
respect to � and Q. Unfortunately, even representing the optimal distribution
Q(Ww;j ;t ; zt ) would be intractable, due to the large number of point tracks.
To make it manageable,we represent the distribution Q with a factored form:
Q(Ww;j ;t ; zt ) = q(zt )q(Ww;j ;t ), where q(zt ) is a distribution over zt for each
frame, and q(Ww;j ;t ) is a distribution over whether each pixel (w; j ; t) is valid
or an outlier. The distribution q(zt ) can be thought of as approximating to
p(zt jI ; � ), and q(Ww;j ;t ) approximates the distribution p(Ww;j ;t jI ; � ). Substitut-
ing the factored form into Equation 7 gives the variational free energy (VFE)
F (� ; q):

F (� ; q) = �
X

w;j ;t

Z

z t

X

W w ;j ;t 2f 0;1g

q(Ww;j ;t )q(zt ) ln
p(I ; zt ; Ww;j ;t j� )
q(Ww;j ;t )q(zt )

dzt (8)

In order to estimate shape and motion from video, our new goal is to minimize
F with respect to � and q over all points j and frames t. For brevity, we write
2 We require that

Q
w ;j ;t

R
z t

P
W w ;j ;t 2f 0;1g Q(Ww ;j ;t ; zt ) = 1, in order for Jensen's

inequalit y to hold.
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 w;j ;t � q(Ww;j ;t = 1). Substituting the image model from Section 2.2 and
de�ning the expectation Eq(z t ) [f (zt )] �

R
q(zt )f (zt )dzt gives

F (� ; q; 
 ) =
X

w;j ;t


 w;j ;t Eq(z t ) [(I w (p t;j ) � �I w;j )2]=(2� 2) + ln
p

2� � 2
X

w;j ;t


 w;j ;t

� N J
X

t

Eq(z t ) [ln p(zt )] � ln c
X

w;j ;t

(1 � 
 w;j ;t ) � ln �
X

w;j ;t


 w;j ;t

� ln(1 � � )
X

w;j ;t

(1 � 
 w;j ;t ) + N J
X

t

Eq(z t ) [ln q(zt )] +

X

w;j ;t

(1 � 
 w;j ;t ) ln(1 � 
 w;j ;t ) +
X

w;j ;t


 w;j ;t ln 
 w;j ;t + constants (9)

whereN is the number of pixels in a window. Although there are many terms in
this expression,most terms have a simple interpretation. Speci�cally , we point
out that the �rst term is a weighted image matching term: for each pixel, it
measuresthe expected reconstruction error from comparing an image pixel to
its mean intensity �I w;j , weighted by the likelihood 
 w;j ;t that the pixel is valid.

2.5 Generalized EM algorithm

We optimize the VFE using a generalizedEM algorithm. In the E-step we keep
the model parameters �xed and update our estimate of the hidden variable
distributions. The update rule for q(zt ) will depend on the particular motion
model speci�ed by � . The distribution 
 w;j ;t (which indicates whether pixel
(w; j ; t) is an outlier) is estimated as:

� 0 = p(I w (p j ;t )jWw;j ;t = 0; p j ;t ; � )p(Ww;j ;t = 0j� ) = (1 � � )c (10)

� 1 = p(I w (p j ;t )jWw;j ;t = 1; p j ;t ; � )p(Ww;j ;t = 1j� ) (11)

=
�

p
2� � 2

e� E q ( z t ) [( I w (p t;j ) � �I w ;j )2 ]=(2 � 2 ) (12)

Then, using Bayes' Rule, we have the E-step for 
 w;j ;t :


 w;j ;t  � 1=(� 0 + � 1) (13)

In the generalizedM-step, we solve for optical 
o w and 3D shape given the
outlier probabilities 
 w;j ;t . The outlier probabilities provide a weighting function
for tracking and reconstruction: pixels likely to be valid are given more weight.
Let p0

j ;t represent the current estimate of p j ;t at a step during the optimization.
To solve for the motion parametersthat de�ne p j ;t , we linearize the target image
around p0

j ;t :
I w (p j ;t ) � I w (p0

j ;t ) + r I T
w (p j ;t � p0

j ;t ) (14)

where r I w denotesa 2D vector of image derivatives at I w (p0
j ;t ). One such lin-

earization is applied for every pixel w in every window j for every frame t at
every iteration of the algorithm.
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Substituting Equation 14 into the �rst term of the VFE (Equation 9) yields
the following quadratic energy function for the motion:3

X

w;j ;t


 w;j ;t

2� 2 Eq(z t ) [(I w (p t;j ) � �I w;j )2] �
X

j ;t

Eq(z t ) [(p j ;t � p̂ j ;t )T ej ;t (p j ;t � p̂ j ;t )]

(15)
where

ej ;t =
1

2� 2

X

w


 w;j ;t r I w r I T
w (16)

p̂ j ;t = p0
j ;t +

1
2� 2 e� 1

j ;t

X

w


 w;j ;t ( �I w;j � I w (p0
j ;t )) r I w (17)

Hence,optimizing the shape and motion with respect to the image is equivalent
to solving the structure-from-motion problem of �tting the \virtual point tracks"
p̂ j ;t , each of which hasuncertainty speci�ed by a 2� 2 covariancematrix e� 1

j ;t . In
the next sections,we will outline the details of this optimization for both rigid
and non-rigid motion.

The noisevariance and the outlier prior probabilit y are also updated in the
M-step, by optimizing F (� ; q; 
 ) for � and � 2:

�  
X

w;j


 w;j ;t =(J N T) (18)

� 2  
X

w;j ;t


 w;j ;t Eq(z t ) [(I w (p j ;t ) � �I w;j )2]=
X

w;j


 w;j ;t (19)

The � 2 update can be computed with Equation 15. Theseupdates can be inter-
preted as the expected percentage of outliers, and the expected image variance,
respectively.

3 Rigid 3D Shape Reconstruction from Video

The general-purpose framework presented in the previous section can be spe-
cialized to a variety of projection and motion models. In this section we outline
the algorithm in the caseof rigid motion under weak orthographic projection.

This projection model canbedescribedin terms of parameters� t = f � t ; R t ; t t g
and projection function

� (sj ;t ; f � t ; R t ; t t g) = � t R t sj ;t + t t (20)

where R t is a 2 � 3 matrix combining rotation with orthographic projection,
t t is a 2 � 1 translation vector and � t is a scalar implicitly representing the
weak perspective scaling (f =Zav g). The 3D shape of the object is assumedto
3 The linearized VFE is not guaranteed to bound the negative log-likelihood, but

provides a local approximation to the actual VFE.
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remain constant over the entire sequenceand, thus, we can use as our shape
model � ( ) = �S, without intro ducing a time-dependent latent variable zt . In
other words, the model for 2D points is p j ;t = � t R t �sj ;t + t t .

For this case,the objective function in Equation 9 reducesto:

F (� ; R ; t ; 
 ) =
X

w;j ;t


 w;j ;t (I w (p t;j ) � �I w;j )2=(2� 2) +
X

w;j ;t


 w;j ;t ln
p

2� � 2

�
X

w;j ;t


 w;j ;t ln � �
X

w;j ;t

(1 � 
 w;j ;t ) ln c(1 � � )

+
X

w;j ;t


 w;j ;t ln 
 w;j ;t +
X

w;j ;t

(1 � 
 w;j ;t ) ln(1 � 
 w;j ;t ) (21)

Note that, in the casewhereall pixels are completely reliable (all 
 w;j ;t = 1), this
reducesto a global image matching objective function. Again, we can rewrite
the �rst term in the free energy in terms of virtual point tracks p̂ j ;t and co-
variances,as in Equation 15. Covariance-weighted factorization [20] can then be
applied to minimize this objective function to estimate the rigid shape �S and
the motion parametersR t , t t and � t for all frames.Orthonormalit y constraints
on rotation matrices are enforcedin a fashion similar to [21]. To summarizethe
entire algorithm, we alternate between optimizing each of 
 w;j ;t , R t , t t , � t , � ,
and � 2. Betweeneach of the updates, p̂ j ;t and ej ;t are recomputed.

Implementation details. We initialize our algorithm using conventional coarse-
to-�ne Lucas-Kanadetracking [8]. Since the conventional tracker will diverge if
applied to the entire sequenceat once,we correct the motion every few framesby
applying our generalizedEM algorithm over the subsequencethus far initialized.
This processis repeated until we reach the end of the sequence.We re�ne this
estimate by additional EM iterations. The values of � 2 and � are initially held
�xed at 10 and 0:3, respectively. They are then updated in every M-step after
the �rst few iterations.

Experiments. We applied the robust reconstruction algorithm to a sequence
assumingrigid motion under weak perspective projection. This video contains
100framesof mostly-rigid head/face motion. The sequenceis challenging due to
the low resolution and low frame rate (15 fps). In this example,there is no single
frame in which feature points from both sidesof the face are clearly visible, so
existing global techniques cannot be applied.

To test our algorithm, we manually indicated regions-of-interest in two refer-
enceframes, from which 45 features were automatically selected(Figure 1(a)).
Points from the left side of the subject's faceare occluded for more than 50%of
the sequence.Someof the features on the left side of the face are lost or incor-
rectly tracked by local methods after just four frames from the referenceimage
where they were selected.Within 14 frames, all points from the left side are
completely invisible, and thus would be lost by conventional techniques. With
robust reconstruction, our algorithm successfullytracks all features,making use
of learned geometry constraints to �ll in missing features (Figure 2).
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(a) (b)

Fig. 1. Reference frames. Regions of interest were selected manually, and individual
point locations selectedautomatically using Shi and Tomasi's method [22]. Note that,
in the �rst sequence,most points are clearly visible in only one referenceframe. (Refer
to the electronic version of this paper to view the points in color.)

(a)

(b)
Frame 2 Frame 60 Frame 100

Fig. 2. (a) Rank-constrained tracking of the rigid sequencewithout outlier detection
(i.e. using � = 0), using the referenceframes shown in Figure 1(a). Tracks on occluded
portions of the faceare consistently lost. (b) Robust, rank-constrained tracking applied
to the samesequence.Tracks are colored according to the averagevalue of 
 w ;j ;t for the
pixels in the track's window: green for completely valid pixels, and red for all outliers.

4 Non-Rigid 3D Shape Reconstruction from Video

We now apply our framework to the casewhere 3D shape consistsof both rigid
motion and non-rigid deformation, and show how to solve for the deforming
shape from video, while detecting outliers and solving for the shape and outlier
PDFs. Our approach builds on our previous algorithm for non-rigid structure-
from-motion [5], which, aspreviously demonstratedon toy examples,yields much
better reconstructions than applying a user-de�ned regularization.
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We assumethat the nonrigid shape St at time t can be described asa \shape
average" �S plus a linear combination of K basisshapesV k :

St = � (zt ;  ) = �S +
KX

k=1

V k zk ;t (22)

wherek indexeselements of zt and  = f �S; V 1; :::; V K g. The scalar weights zk ;t

indicate the deformation in each frame t. Together, �S and V k are referred to as
the shape basis. The zt are Gaussianhidden variables with zero mean and unit
variance (p(zt ) = N (zt j0; I )). With zt treated as a hidden variable, this model
is a factor analyzer, and the distribution over shape p(St ) is Gaussian.See[5]
for a more detailed discussion of this model. Scenepoints are viewed under
orthographic projection according to the model: � (sj ;t ; f R t ; t t g) = R t sj ;t + t t .
The imaging model is the sameas described in Section 2.2. We encapsulatethe
model in the parameter vector � = f �I ; � 2; � ; R 1; :::; R T ; t 1; :::; t T ; �S; V 1; :::; V K g.

We optimize the VFE by alternating updatesof each of the parameters.Each
update entails setting @F to zero with respect to each of the parameters;e.g. t t

is updated by solving @F
@t t

= 0. The algorithm is given in the appendix.

Experiments. We tested our integrated 3D reconstruction algorithm on a chal-
lenging video sequenceof non-rigid human motion. The video consists of 660
frames recorded in our lab with a consumerdigital video camera and contains
non-rigid deformations of a human torso. Although most of the featurestracked
are characterized by distinctiv e 2D texture, their local appearancechangescon-
siderably during the sequencedue to occlusions, shape deformations, varying
illumination in patches, and motion blur. More than 25% of the frames con-
tain occluded features,due to arm motion and large torso rotations. 77 features
were selectedautomatically in the �rst frame using the criterion described by
Shi and Tomasi [22]. Figure 1(b) shows their initial locations in the reference
frame. The sequencewas initially processedassuming K = 1 (corresponding
to rigid motion plus a single mode of deformation), and increasedto K = 2
during optimization. Estimated positions of features with and without robust-
ness are shown in Figure 3. As shown in Figure 3(a), tracking without out-
lier detection fails to converge to a reasonableresult, even if initialized with
the results of the robust algorithm. 3D reconstructions from our algorithm
are shown in Figure 4(b). The resulting 3D shape is highly detailed, even for
occluded regions. For comparison, we applied robust rank-constrained track-
ing to solve for maximum likelihood zt and � , followed by applying the EM-
Gaussianalgorithm [5] to the recovered point tracks. Although the results are
mostly reasonable,a few signi�cant errors occur in an occluded region. Our al-
gorithm avoids these errors, becauseit optimizes all parameters directly with
respect to the raw image data. Additional results and visualizations are shown
at http://movement.stanford.edu/automatic-nr-modeling/
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(a)

(b)
Frame 325 Frame 388 Frame 528

Fig. 3. (a) Rank-constrained tracking of the secondsequencewithout outlier detection
fails to converge to a reasonableresult. Here we show that, even when initialized with
the solution from the robust method, tracking without robustnesscausesthe results to
degrade. (b) Robust, rank-constrained tracking applied to the same sequence.Tracks
are colored according to the averagevalue of 
 w ;j ;t for the pixels in the track's window:
green for completely valid pixels, and red for all outliers.

(a)

(b)

Fig. 4. 3D reconstruction comparison. (a) Robust covariance-weighted factorization,
plus EM-Gaussian [5]. (b) Our result, using integrated non-rigid reconstruction. Note
that even occluded areasare accurately reconstructed by the integrated solution.

5 Discussion and future work

We have presented techniques for tracking and reconstruction from video se-
quencesthat contain occlusionsand other commonviolations of color constancy,
as well as complicated non-rigid shape and unknown system parameters. Pre-
viously, tracking challenging footage with severe occlusionsor non-rigid defor-
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Fig. 5. Tracking and 3D reconstruction from a bull�gh t sequence,taken from the movie
Talk To Her. (The camera is out-of-focus in the secondimage).

mations could only be achieved with very strong shape and appearancemodels.
We have shown how to track such di�cult sequenceswithout prior knowledge
of appearanceand dynamics.

We expect that thesetechniquescan provide a bridge to very practical track-
ing and reconstruction algorithms, by allowing oneto model important variations
in detail without having to model all other sourcesof non-constancy. There are
a wide variety of possibleextensionsto this work, including: more sophisticated
lighting models (e.g. [23]), layer-baseddecomposition (e.g. [6]), and temporal
smoothnessin motion and shape (e.g. [24,5]).

It would be straightforward to handle true perspective projection for rigid
scenesin our framework, by performing bundle adjustment in the generalized
M-step. Our model could also be learned incrementally in a real-time setting
[16], although it would be necessaryto bootstrap with a suitable initialization.
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A Non-rigid reconstruction algorithm

The non-rigid reconstruction algorithm of Section 4 alternates between opti-
mizing the VFE with respect to each of the unknowns. The linearization in
Equation 14 is used to make these updates closed-form.This linearization also
meansthat the distribution q(zt ) is Gaussian.We represent it with the variables
� t � Eq(z t ) [zt ] and � t � Eq(z t ) [zt zT

t ].
We additionally de�ne ~H = [vec(�S); vec(V 1); :::; vec(V K )] and ~zt = [1; zT

t ]T ;
hence,St = ~H ~zt . Additionally , we de�ne ~� t = E[~zt ] and ~� = E [~zt ~zT

t ]. ~H j refers
to the rows of ~H j corresponding to the j -th scenepoint (i.e. sj ;t = ~H j ~zt ).
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A.1 Outlier variables

We�rst note the following identit y, which givesthe expectedreconstruction error
for a pixel, taken with respect to q(zt ):

Eq(z t ) [(I w (p t;j ) � �I w;j )2] = r I T
w (R t ~H j ~� t ~H T

j R T
t + 2R t ~H j ~� t t T

t + t t t T
t )r I w �

2(r I T
w p0

j ;t + �I w;j � I w (p0
j ;t )) r I T

w (R t ~H j ~� t + t t )

(r I T
w p0

j ;t + �I w;j � I w (p0
j ;t ))2 (23)

We can then use this identit y to evaluate the update steps for the outlier
probabilities 
 w;j ;t and the noisevariance � 2 according to Equation 13 and 19,
respectively.

A.2 Shap e parameter up dates

The following shape updates are very similar to our previous algorithm [5], but
with a speci�ed covariancematrix for each track. We combine the virtual tracks
for each frame into a singlevector f t = [p̂T

1;t ; :::; p̂T
J;t ]T ; this vector hascovariance

E � 1
t , which is a block-diagonal matrix containing e� 1

j ;t along the diagonal. We
also de�ne �f t = vec(R t �S), and stack the J copiesof the 2D translation as T t =
[t T

t ; t T
t ; :::t T

t ]T .
Shape may be thus updated with respect to the virtual tracks as:

M t  [vec(R t V 1); :::; vec(R t V K )] (24)

�  M T
t (M t M

T
t + E � 1

t ) � 1 (25)

� t  � (f t � �f t � T t ); ~� t  [1; � T
t ]T (26)

� t  I � � M t + � t �
T
t ; ~�  

�
1 � T

t

� t � t

�
(27)

vec( ~H )  

 
X

t

( ~� t 
 (( I 
 R T
t )E t (I 
 R t )))

! � 1

vec

 
X

t

(I 
 R t )
T E t (f t � T t )~� T

t

!

(28)

t t  

 
X

j

et;j

! � 1 X

j

et;j (f tj � R t (�sj +
X

k

V k j � tk )) (29)

R t  arg min
R t

jj
X

j

(( ~H j ~� t ~H T
j ) 
 et;j )vec(R t ) � vec(

X

j

(et;j (f tj � t t )~� T
t

~H T
j )) jj

(30)

wherethe symbol 
 denotesKronecker product. Note that Equation 28 updates
the shape basis�S and V ; conjugategradient is usedfor this update. The rotation
matrix R t is updated by linearizing the objective in Equation 30with exponential
maps, and solving for an improved estimate.


